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Abstract: Photon pathlength distributions as a function of the number of
scattering events in cylindrical turbid samples are studied using a
polarization-sensitive Monte Carlo model with linearly polarized light input.
Sample scattering causes extensive depolarization, yielding a photon field
comprised of polarized and depolarized sub-populations. It is found that
the pathlength of polarization-preserving photons is distributed within a
defined spatial range with strong angular dependence. This pathlength,
averaged over the range, is 2-3X smaller than the one averaged over the
widely-spread range of all (polarized + depolarized) collected photons. It
is also demonstrated that changes in optical properties of the media affect
the pathlength distributions.
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1. Introduction

When light is used for medical diagnogtics, it is crucia to ensure that it reaches the intended
target within tissue, and then carries the information to the detector. Because biological
tissue is highly scattering, the photons transport occurs in complicated zigzag fashion. This
makes the unambiguous determination of penetration depth and sampling volume of injected
photons difficult. A detailed description of pathlength distribution may help in estimating
these important parameters.

The pathlength distribution within multiply scattering media has been of great interest
[1-4]. There aretwo main theoretical methods to address this problem.  Oneis an analytical
approach through the diffusion equation [5-7]. Another is a numerical approach through
Monte Carlo simulations (MC) [8-11]. The analytical approach is fast, but the diffusion
results may not be accurate near light sources, or in regions of high optical gradients (near
surfaces and boundaries) [12]. Conversely, Monte Carlo simulations provide a flexible and
accurate, if somewhat slower, platform that traces a large number of photon histories in
complex turbid media, thus yielding the pathlength distributions directly.

So far, Monte Carlo simulations for pathlength distribution studies have mostly examined
slab and semi-infinite geometries. In the context of noninvasive blood glucose monitoring,
for example, the cylindrical geometry is of special relevance because the measuring sites are
often of quasi-round curvature like finger tips and lips. Compared with dlab and
semi-infinite geometries, the cylindrical geometry may actually be advantageous.
Specifically, it permits multiple-direction detections (0° to 360°, compared with 0° and 180°
detections for slab and 180°-only detection for semi-infinite set-ups). This flexibility may
enable a more complete study of the scattering properties of turbid media.  This
multiple-direction detection capability may also be more practical and convenient in the
clinical environment. It is thus useful to expand the studied geometries further to include
cylindrical samples.

Furthermore, polarized light has been found useful in studying highly turbid media,
because the properties of the media can be extracted through changes in the photon’s
polarizetion state, such as optical rotation oo and surviving linear polarization fraction B,
[13-21]. Therefore, in this paper, we investigate the pathlength distribution of polarized and
depolarized photon populations in highly scattering media in a cylinder irradiated with
polarized incident beam, by means of the polarization-sensitive Monte Carlo simulations
developed in our group [13,14]. The effects of sample geometry and sample optical property
changes on the pathlength distribution are studied in detail.

2. Theory: Monte Carlo simulationsin cylindrical geometry

In the polarization-sensitive Monte Carlo smulation, the photons are propagated between
scattering events, as determined by a pseudo-random sampling of the scattering mean free
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path. In our validated approach [13,14], which expands upon the earlier models [15,16], the
polarization information is tracked in the form of individual Stokes vectors[14]. These are
summed over a large number of tracked photon histories, to yield the experimentaly
observable macroscopic polarization and intensity properties of interest.

Specifically, the position, propagation direction and polarization (described by Stokes
vector formulism) of a photon are initialized at the entrance of a cylindrical sample (40 mm
height and 8 mm diameter in this paper) which is characterized by a set of surface elements:
rectangular on the sides and triangular on the bottom and top (48 on the sides, 48 on the top
and 48 on the bottom in this study). The curvature of the side element can be ignored. So
the rectangular element is treated as a plane (0.52 mm x 40 mm). The photon is moved by a
scattering event within the sample if it does not cross an interface.  The Stokes vector of the
photon is transformed by the application of the Mueller matrix of the scattering event, which
is calculated from Mie theory [22].  If the photon encounters an interface, its Stokes vector is
transformed into the Fresnel reference frame. The photon’s Stokes vector and propagation
direction are modified according to reflection or transmission. If the photon is reflected, the
propagation inside the sample continues.  If the photon is transmitted and outside the sample,
the measured Stokes vector is computed from the sum and differences of intensities through
linear and circular polarizers. The macroscopic values of the Stokes coefficients are
obtained from the sum of the Stokes vector components of incoming photons, after
transformation through polarizers.

The transmitted photons are binned spatially into the surface elements, which is divided
into smaller surface detection element, based on where they exit the sample and binned
angularly within each surface detection element based on exit angle that the propagation
vector of the photon makes with the normal to the interface, which is defined as acceptance
angle y (from 0° to 90°). The size of surface detection element and acceptance angle affects
the detected photon intensity, degree of polarization and pathlength distribution.  The extent
of the effects varies with detection geometry. In this paper, we chose the sizes of surface
detection element (~ 0.6 mm?) and acceptance angle (48°) similar to our experimental system.
The detected photons can be further binned based on the number of scattering events they
undergo within the sample, which is the key investigation method employed in this study.
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Fig. 1. Cylindrical simulation geometry. Linearly polarized
light incidents at O on the verticaly oriented cylindrical
sample. The scattered light is detected at P(z, 0) on the
surface of the cylinder, with an acceptance angle y. zisthe
distance of the detector off the horizontal incident plane and 6
is the detection direction (the angle between the transmission
direction 'Y and the normal to the detection el ement).

The cylindrical geometry, as shown in Fig. 1, mimics the experimental conditions used in
our research [21]. A 632.8 nm horizontally polarized beam of 1 mm diameter is incident at
O on the center of a vertically orientated cylindrical sample of 8 mm diameter and 40 mm
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height. The scattered photons at point P(z, 6), within acceptance angle y (48°), are summed
over a0.6 mm? detection area on the surface of the cylinder. The detection angle 8, which is
the angle between forward direction and the normal of the surface detection element, varies
from 0° to 180°. The vertical position of the surface detection element z ranges from -20
mm to +20 mm, with the signs indicating the relative position with respect to the horizontal
incident plane. The samples simulate water suspensions of 4.1 um diameter polystyrene
microspheres.  For most simulations (except Fig. 8), the scattering coefficient of the medium
1s is set to 100 cm™.  The scattering coefficient range is chosen to approximate typical
turbidity of biological tissue. The refractive index of the scattering particles is 1.59.
Calculated from Mie theory [22], the scattering anisotropy g (a measure of the amount of
forward direction retained after a single scattering event, described by mean value of cos vy,
where vy is scattering angle) is 0.88 and the scattering efficiency Qg4 iS2.71. The absorption
coefficient is set to 0.00326 cm™ for water.  To reduce the statistical uncertainty of the values
obtained from the Monte Carlo simulations, a large number (10°) of horizontally polarized
photons are launched in the simulations.

In highly turbid media, only a small fraction of input photons preserve their polarization.
The study of this photon subpopulation is of great importance, since they could reveal some
unique information not available through intensity only (depolarized) signal channels (e.g.,
optical rotation of the incident polarization vector, relative depolarization rates, etc.).
However the properties of the surviving polarized photons can be easily masked by vast
depolarized population. In order to get a clearer picture of characteristics of the surviving
polarized photons such as their intensity and pathlength distributions as functions of humber
of scattering events, the collected photons are binned based on the number of scattering events
they experienced within the sample and compared with the total (N-unresolved) averaged ones.
The bin number, referring to the number of scattering events, runsfromN=1toN ~70. In
our preliminary simulations, after 70 multiple scattering events, the surviving linear
polarization fraction dropped to the noise level, that is, no polarized photons were observable
for N > 70. The N-unresolved cumulative bin is referred to as Total, containing all the
collected photons (N-unresolved, cumulative) without discrimination, that is, N from 1 to
infinity. The parameters obtained from the smulations are thus indexed ones (I, By and Ly)
and cumulative ones (liota; BLiotas Ltota @0 Nigta). 1y 1S the summed number of photonsin bin
N, including both polarized and depolarized ones. By is the surviving linear polarization
fraction of those photons, and Ly is their average pathlength. I, Briota @d L are the
corresponding parameters for the bin Total.  Na iS the average number of scattering events
of thetotal collected photons,

N = N : D

3. Resultsand discussion
3.1 Photon intensity distributions

Figure 2 shows the calculated photons intensity distribution as functions of number of
scattering events N and detection angle 6 in the incident plane (z = 0). The data from the
forward hemisphere are not shown due to large statistical uncertainty resulting from
inadequate photon number, as the detected intensity is mostly in the backwards hemisphere.
Fig. 2(a) presents the indexed intensity Iy distribution. The photons (comprised of both
polarized and depolarized sub-populations) are not evenly distributed in N, and the shape of
the distribution is detection-direction dependent.  In backward direction, 6 = 180°, the photon
intensity peaks at N = 1 (note the logarithmic scale on vertical axis), and decreases rapidly
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with N value. It indicates that single-scattering dominates the detected signal in the exact
back-scattered geometry.  For smaller angles, the intensity distributions are not
monotonically decreasing, but instead show broad peaks. Both the minimum number of
scattering events needed for photons to escape from a certain geometry and the most likely
number of scattering events contributing to the detected signal can be estimated from the
presented data.  Taking 6 = 151° curve for example, photons have to be scattered at least 8
times before they can exit, while the photons which undergo ~25 scattering events have more
chancesto re-emit in this geometry than photons with other scattering histories.

N

Indexed Intensity |

0 10 20 30 40 50 60 70

Number of Scattering Event N

total

10"+

Totoal Intensity |
|

10°

90 105 120 135 150 165 180
Detection Angle 8 (degree)

Fig. 2. Intensity distribution within the incident plane (z = 0) for 10° incident
(linearly polarized) photons.  (8) summed number of photons in each bin Iy as
a function of the number of scattering events N. (b) angular dependence of
total collected photon intensity. The symbols are MC calculation results and
thelineisaguide for the eye.

The intensity distribution of total collected photons Iy as afunction of detection angleis
plotted in Fig. 2(b). It shows general increase of photon intensity with detection angle (i.e.,
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detected intensity is higher in the backwards hemisphere), but lacks detailed description of
photon scattering interactions, represented by Iy.

To examinein detail the polarized and the depolarized subpopulations, plotted in Fig. 3(a)
are the indexed surviving linear polarization fractions as functions of N and 6. It is seen that
the surviving linear polarization fraction generally decreases with N, which is understandable
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Fig. 3. Distribution of surviving linearly polarized photons within incident
plane (z = 0). (@) indexed surviving polarization fraction distribution at
different detection angles 6; the numbers in brackets following the 8-values are
the Brww results. (b) angular dependence of indexed surviving polarization
fraction. The symbols are MC calculation results and the lines are a guide for
the eye.

because scattering randomizes polarization.  The simulation results show that the total degree
of polarization DOP, defined as (Q°+U*+V?Y2 /1 (I, Q, U and V are elements of the Stokes
vector of detected photons) [22], has similar value to B, for example, for 6 = 180° DOPy=; =
0.22492493, B, = 0.22491533 and for § = 135° DOPy=,, = 0.55322760, .2 = 0.55322686.
It implies that the low B,y value (< 100%) is the result of true depolarization, and not due to
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transformation of the polarization form (linearly polarized to ellipticaly/circularly polarized
light). However, the low By value at 180°, N = 1 (~ 23%) is surprising in that single
scattering by identical particles with spherical symmetry should not decrease the degree of
polarization of 100% polarized incident light, although the nature of polarization may be
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Fig. 4. Distribution of surviving linearly polarized photons within incident
plane (z = 0). (@) ratio of indexed polarized photon to total collected photons
at different detection angles. (b) total surviving linear polarization fraction vs.
detection angle 6 for g = 0.88 [see bracketed percentage values in fig. 3(a)].
The symbols are MC calculation results and the lines are a guide for the eye.
The inset is the plot of total surviving linear polarization fraction against
detection angle for different g values: 0.5 (blue symbol+line), 0.75 (brown
symbol+line) and 0.93 (red symbol+line).

changed [2,22]. It is aso found that the B ; value for 6 = 180° is dependent on sample
(anisotropy factor g and scatterer radius r) and detection system (acceptance angle ).
Different g values were obtained by varying r while keeping the scattering coefficient constant
in the simulations. Note that g is not unique with scatterer sizer. Therefore, samples with
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the same g may be simulated differently, as our Monte Carlo simulations use the full
caculated Mie scattering phase function. For example, for the same g = 0.88 as in our
current simulations, but with smaller scatterer size [r = 0.33 wm, versus 2.05 um in Fig. 2(a)],
BL1 value reaches ~65% for y = 48° [in contrast to ~23% in Fig. 3(a)]. For 6 = 180° and v
approaching zero, ., could be as high as ~94% for g = 0.74 (r = 0.2 um). So the degree of
polarization after a single scattering interaction appears to vary widely in magnitude, and to
depend on medium properties and detection geometry. Further studies with circularly
polarized light input and birefringent media properties are under way to check if these
simulation results are seen under varying conditions, and to help interpret this phenomenon.

It is found from the simulations that same amount of scattering events may cause greater
depolarization at higher angles than at smaller angles, as seen in Fig 3(b). Taking N = 34
curve for example, only 4.7% of the photons escaping from 6 = 165° preserves their
polarization after being scattered 34 times, in contrast with 46% when escaping from 6 = 121°
following a similar scattering history. Consequently, both the number of scattering events
and detection direction (geometry) determine resultant depolarization. 44 scattering events
are large enough to effectively randomize the polarization of the photons at 6 > 158°, but the
light field is still ~ 40% polarized at this same N values detected at 6 ~ 100°. For 6 > 165°,
the angular dependence of depolarization is weakened and somewhat reversed (slight change
inPu).

It is also important to know the fraction of the indexed surviving polarized photon
subpopulation (BIy) in the total collected photon populations li,a.  Presented in Fig. 4(a) are
plots of the ratio Ry of indexed surviving polarized photon intensity to the total collected
photon intensity as a function of number of scattering events. Ry iscalculated from

B\l
R, =M. (2
ltotal
It is seen that the polarized photons are distributed in defined N ranges, with peak position
decreasing with 6, while the magnitude of the peak generally increasing with 6 (note that there

are no lower-N bounds for 6 = 180° and 173° curves). For example, at 6 = 135°, the
polarized photons are distributed between N = 17 and 52, peaking at N ~32. The numerical

integration of the ratio over the non-zero N range, ZZ{NRN(1350,2=0), is equa to the

cumulative surviving linear polarization fraction B [7.5% for this case, see numerical
labels on Fig. 3(a)], which means all the surviving polarized photons detected at that angle are
containedinbinsN = 17to N =52. For 6 = 180°, polarized photons are distributed between
N=1and N =20. Thepeak intensity (at N = 1) is about four times higher than the one at 6
= 135° (N = 32), implying the potential advantage of backwards detection geometries for
enhanced polarization preservation.

llustrated in Fig. 4(b) are the cumulative surviving linear polarization fractions B o at
different detection angles. The differential By and cumulative B s Show opposite angular
trends: By was shown [Fig. 3(b)] to decrease with detection angle 6, while B increases
with 6. The increase of B With detection angle in Fig. 4(b) is the result of the larger
portion of depolarized photons of high N values at smaller angles. For example, at 6 = 135°
the total average number of scattering events Ny = 102, compared with Nyyg = 17 at 6 =
180°.

In Fig. 4(b), the data point a 6 = 165° (g = 0.88) appears to deviate from the main trend.
It has been found that the behavior at © = 165° is related to the anisotropy factor g as shown in
theinset: when g decreases from 0.93 to 0.5, the “anomalous’ 6 = 165° behavior disappears.
Further studies are currently addressing this phenomenon.
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3.2 Photon pathlength distributions

Figure 5(a) illustrates the indexed average pathlength distribution of photons (both polarized
and depolarized). For 6 = 180° and 173°, average pathlength increases linearly with N, with
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Fig. 5. Indexed pathlength distribution within the incident plane (z = 0). ()
indexed average pathlength distribution at different detection angles 6. (b)
angular dependence of indexed pathlength. The symbols are MC calculation
results and the lines are a guide for the eye. The blue reference line is the
direct distance between sample entrance O and exit P, as shown in the inset, at
different detection angles.

a slope of 0.0108 cm per scattering event, close to the mean free path (mfp), calculated from
1/us (0.01 cm).  However, the average pathlengths for smaller detection angles deviate from
the main trend, especially at smaller N.  For instance, the 121° curve starts converging at N ~
45, whereas the 158° mergesat N ~22. Sample geometry effects can explain this, as shown
in Fig. 5(b). The flat parts of the curves in Fig. 5(b) correspond to the linear regions in
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Fig.5(a). The reference line is the direct distance between entrance and exit of the sample
(OP in the top view of the sample cylinder) at all detection angles [see inset in Fig. 5(b)].
This reference line sets lower pathlength limit, in that only photons that are able to travel at
least that pathlength can escape in a given direction. For example, N ~ 20 scattering events
are sufficient for photons to exit at 6 = 180°, 173° and 165° [flat region of N = 20 curvein Fig.
5(b)], but are insufficient for the photons to escape a 6 = 135°. Only those that travel a
longer pathlength after being scattered N ~ 20 times can exit at that angle. However, these
photons only account for a small fraction of total photon population at 6 = 135° [see 135°
curve in Fig. 2(d)]. This geometry effect on pathlength is also seen when simulations are
performed off the incident plane (z # 0, results not shown).
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Fig. 6. (Ln/N) distributions. The solid reference line is the mean free path
(mfp) calculated from 1/ps.

Illustrated in Fig. 6 is the indexed average pathlength divided by the number of scattering
events (Ln/N), which we shall term “the unit pathlength”. Theratio is not generally equal to
the calculated mean free path 1/us = 0.01 cm (see the reference line), but asymptoticaly
approaches it at large N values. This behavior can be interpreted as follows. Mean free
path of photons is a datistical estimation of the distance which photons travel between
successive scattering events, equal to Ly/(N+1). It can be approximated to Ly/N when N is
large enough so that the “1” in the denominator can be neglected, which can help explain
some deviation at low (N < 10) values. With the increase of N, the effect is diminishing and
Ln/N gradually approaches 1/ps.  For the smaller detection angles (6 < 173°), another more
important mechanism is involved: the geometry induced longer pathlength as discussed above
[see Fig. 5(b)]. It makes the difference between Ly/N and Uy larger than that at the high 6
values. The smaller 6 value curves approach 180°and 173° results when the geometry effect
decreases at high N values.

So far, the pathlength discussion has dealt with the average pathlength distribution of all
photons in bins without polarization differentiation. The pathlength distribution of the
polarized photon fraction is also of interest. The MC simulations with both polarized and
unpolarized light inputs demonstrate that the indexed pathlength Ly is
polarization-independent. For a given number of scattering events N, polarized and
unpolarized photons, escaping from same detection direction traverse similar pathlengths
(provided that N is small enough such that the polarized subpopulation till exits). Therefore,
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the pathlength distribution as a function of number of scattering events, discussed above in
Fig. 5(a), can be used to represent pathlength distribution of polarized photons. Combining
Fig. 4(a) with Fig. 5(a), we get distribution of polarized photons as a function of pathlength,
showninFig. 7(a). It revealsthat the polarized photons have a defined pathlength range for
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Fig. 7. Pathlength distribution of polarized photons within incident plane (z =
0). (a) polarized photon distribution as a function of pathlength. (b) angular
dependence of characteristic polarization pathlength Lce and total average
pathlength Liy. The inset is the plot of Liya t0 Lep ratio (Lia/Lep). The
symbols are MC calculation results and the lines are a guide for the eye.

a given detection geometry. For example, at 8 = 135°, the pathlength of the polarized
subpopulation ranges from ~ 0.33 cm to ~ 0.57 cm.  Here, the photon population threshold
for the upper and lower pathlength limits is set to 10% of the peak value. The range can be
made smaller by raising the threshold.  We define the average of this pathlength range as the
characteristic polarization pathlength, Lcp.  That is,
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PAN
N=i
wherei and j are minimum and maximum number of scattering events the surviving polarized
photons experienced for a given detection geometry. For example, i = 8, j = 40 for 6 = 158°
[seeFig. 4(a)]. It better characterizes the pathlength of polarized photons than L,

hIA AN
Lo = Nzlm J (4)
>
N=1
whose calculation includes longer pathlengths at N > j values where no polarized photons are
present. Thisisillustrated in Fig. 7(b), which plots the described characteristic polarization
pathlength Lcp (using 10% of peak value threshold) as a function of 6, and compares it with
the total average pathlength Liyy. Both curves show similar trends, with pathlengths
decreasing with detection angle 8. However, Ly is 2-3X longer than Lcp.  If pathlength is

used to estimate the penetration depth of injected photons, Lcp will be more appropriate than
Liota tO describe the interaction extent of polarization-preserving subpopulation.
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Fig. 8. Effect of optical properties (g, s and ps') on pathlength distributions for
a fixed number of scattering events (N = 30). The symbols are MC
calculation results and the lines are a guide for the eye.

3.3 Effects of optical properties on pathlength

The Monte Carlo simulations demonstrate that the change in optical properties of the sample
affects the pathlength distribution, as shown in Fig. 8. For a fixed number of scattering
events (N = 30 in this example), decreasing the scattering coefficient ps results in longer
pathlength because of increasing the mean free path.  The anisotropy factor g doesn’t have as
much influence on the pathlength as p, especially at backward directions (6 = 180° and 173°).
When the lumped optical property reduced scattering coefficient pg', which incorporates
scattering coefficient ps and anisotropy g by ps = pg(1-g), increases from 6 cm* to 25 cm?,
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the pathlength varies in a non-monotonic way. In general, for any optical property set, the
pathlength (and hence the sampling volume) decreases as the detection direction approaches
the exact backward geometry (6 = 180°).

4, Conclusion

Utilizing a polarization-sensitive Monte Carlo simulation model, we studied the pathlength
distribution of photons as a function of number of scattering events in cylindrical turbid
samples (us ~ 100 cm™).  The pathlength of the escaping photons spreads out due to multiple
scattering. However, the pathlength of the surviving polarized photons is distributed in a
more defined range, the average over which is 2-3X smaller than the average pathlength of all
collected photons, which is dominated by the longer pathlengths of depolarized photon
populations. Therefore, the average over this range, defined as characteristic polarization
pathlength, is more descriptive as the pathlength of the polarization-preserving photon
subpopulation. The strong angular dependence of the characteristic polarization pathlength
suggests that penetration depth of injected photons, as estimated by pathlength distribution,
can be controlled by adjusting the detection angle. The simulation results demonstrate that
the change in scattering coefficient s and anisotropy factor g of turbid media impacts the
photon pathlength distribution.
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