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Abstract. The statistical model of scattered by flowing Brownian particles coherent radiation is suggested. The
model includes the random Doppler shifts caused by particle Brownian motion and the speckle fluctuations
caused primarily by the flow motion of particles. Analytical expressions are obtained for the correlation function,
power spectrum, and spectral width of scattered radiation in the imaging geometry typically used in optical coher-
ence tomography (OCT). It is shown that the spectral density has the Voigt shape, a well-known spectral profile
from atomic and molecular spectroscopy. The approach enables the choice of the experimental regimes for the
measurement of Brownian particle motion parameters even in the presence of flow. These regimes are char-
acterized by the dominant contribution of Brownian motion in the spectral width of the flow-caused Doppler shift
component. Further, the new formalism suggests that prior attempts to extract transverse flow velocity are only
valid at near-perpendicular geometry. The impact of the small scattering volume contributing to the OCT signal is
also discussed. © 2014 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10.1117/1.JBO.19.12.127004]
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1 Introduction
To characterize the dynamics of the flowing suspension of
microscopic particles, a number of optical techniques can be
used including optical coherence tomography (OCT), low
coherence interferometry, and dynamic light scattering. The sta-
tistics of radiation scattered from particles undergoing purely
Brownian motion in the absence of flow are well-known and
established.1 The physical reason responsible for the optical
field fluctuations is the random Doppler shifts produced by
the Brownian motion of the scattering particles. Similarly, the
effects of purely translational flowing liquid motion (ignoring
the Brownian component) on the characteristics of the scattered
coherent radiation have also been examined,2 yielding a
dynamic speckle pattern. This translational speckle motion in
the image plane of an optical system allows for the possibility
of flow velocity measurement via spatial filtering. However, the
quantitative statistical model of scattered radiation has not yet
been developed.

Accounting for both flow and Brownian motion effects is
more challenging, but is important for many OCT applications
including Doppler optical coherence tomography,3 OCT imag-
ing techniques based on dynamic light scattering,4 and speckle
variance optical coherence tomography.5,6 In particular, it was
suggested7,8 that the longitudinal and transverse components
of flow velocity can be measured simultaneously by using
the Doppler shift and the spectral width of the Doppler compo-
nent, respectively. The model of spectral width used in Refs. 7
and 8 was based on empirical considerations and did not include

some parameters (experimental and Brownian-motion related)
which have considerable impact on the spectral width. Yet,
untangling the flow and Brownian motion contributions
would be desirable, in that both contain important biomedical
information. For example, the statistical characteristics of red
blood cells undergoing Brownian motion can potentially be
used for the noninvasive measurement of blood viscosity, and
hence blood glucose levels.9 In a living organism, the blood
is seldom stagnant and it is, therefore, important to take into
account the blood flow movement for in vivo measurement
of blood viscosity and scattering dynamics.

Statistical models of radiation scattered by flowing Brownian
particles in OCT conditions have been suggested recently.10,11 In
these papers, the solutions corresponding to the free space opti-
cal geometry of scattering have been obtained; the effects of the
optics on the backscattered radiation have not been taken into
account. However, most real-life OCT systems use an imaging
geometry where the scattering volume is imaged onto the detec-
tor or fiber end face. Unlike random Doppler shifts, which gov-
ern the spectral broadening due to Brownian motion and do not
depend on the specific OCT geometry of illumination and detec-
tion, the translational flow motion of particles gives rise to a
dynamic speckle pattern. It is well known that the statistical
properties of dynamic speckles are dependent on the geometri-
cal parameters of illumination and observation.12 Therefore, the
statistical model of dynamic light scattering in the presence of
flow should include the parameters of the optical system used.

In the present paper, we develop a simple analytical model
for the temporal correlation function and power spectrum of
optical radiation scattered by flowing Brownian particles in
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the image plane of a typical OCT setup comprised of two sample
arm lenses. The model takes into account single scattering
events only, which is justified for small penetration depths13

or larger penetration depths within dilute suspensions.
Further, unlike the well-established model of dynamic light scat-
tering1 which is typically applied to relatively large scattering
volumes (of the order of a cubic millimeters),1 in the context
of OCTwe are considering the effects of microscopic scattering
volumes on the statistical properties of scattered radiation.

2 Correlation Function of Radiation Scattered
by Uniformly Flowing Brownian Particles

Consider a collection of Brownian particles suspended in the
flowing liquid under the experimental conditions of OCT.
The geometry of the OCT setup is shown in Fig. 1. Here,
the scattering volume is defined by the Gaussian profile of
the illuminating laser beam (x, y, or lateral extent) and its coher-
ence length (z or depth extent). This volume is also called the
point spread function of OCT or OCT voxel. The following
equation defines the electric field of the illuminating
Gaussian beam incident on the sample:

Einðr; tÞ ¼ Ein0 exp

�
ikz −

�
1

w2
−

ik
2ρ

�
ðx2 þ y2Þ − iωt

�

× exp

�
−
�

z
lc∕2

�
2
�
; (1)

where Einðr; tÞ is the incident optical electric field, Ein0 is its
amplitude in the center of the beam, r ¼ x, y, z is the spatial
coordinate in the scattering volume, t is the time, k ¼ 2π∕λ,
λ is the wavelength in the medium, w is the Gaussian beam
radius at the e−2 intensity level, ρ is the wavefront curvature,
ω is the central angular frequency of the illuminating light,
and lc is the coherence length of the source laser.

The presence of the coherence factor exp½−ðz∕ðlc∕2Þ2� is due
to the coherent gating effect in OCT. The Gaussian shape of it is
an approximation; in fact, it may be considered as the first
element of Hermite functions14 expansion of the source laser
spectral density.

It is assumed that the amplitude of the reflected field is pro-
portional to the incident field; furthermore, only single scatter-
ing events are taken into account. In the case of discrete
scattering centers, the backscattered optical field can be
found by using the first Born approximation for the optical
field in the turbid medium15 as

EsðR; tÞ ¼
X
j

Einðrj; tÞKðrj;RÞ: (2)

Here, Kðr;RÞ is a Green’s function of the optical system,
RðX; Y; ZÞ is a coordinate in the image plane, rðx; y; zÞ is the
coordinate in the scattering volume, and the summation is per-
formed over the particles in the scattering volume. To within an
unimportant constant phase factor, the Green’s function of a
two-lens optical system shown in Fig. 1 has the following
form:12

Kðr;RÞ¼ −k2q2

4πFcFs

exp

�
−k2q2

4

���� xFs

−
X
Fc

����
2

þikðz−ZÞ
�
; (3)

where x ¼ ðx; yÞ, X ¼ ðX; YÞ, Fc and Fs are the focal distances
of collimating and sample lenses, and q is the radius of the dia-
phragm placed between the two lenses. In the optical system of
Fig. 1, the diaphragm radius q is equal to the collimated
Gaussian beam radius, which in turn is defined by the accep-
tance angle of the fiber. For a single mode fiber, this is approx-
imately equal to the fiber numerical aperture (NAf ). It can also
be expressed via the radius of the fiber field mode wf

as θac ¼ λ∕ðπwfÞ. Therefore, for the radius of the (Gaussian)
diaphragm:

q ≈ NAf · Fc ≈ λFc∕ðπwfÞ ¼ 2Fc∕ðkwfÞ ¼ 2Fs∕ðkwÞ:
(4)

Note that Eq. (3) is approximate and is valid only for paraxial
optical systems with low NA. This is not a limitation for a typ-
ical OCT system which employs low NA optics. These assump-
tions may be violated in high NA embodiments, for example, in
optical coherence microscopy (OCM).

Assuming stationarity, the spatio-temporal correlation func-
tion of the optical field in the image plane is given by the fol-
lowing ensemble average:

CsðX1;X2; tÞ ¼ hEsðR1; 0ÞE�
s ðR2; tÞi; (5)

where vectors R1 ¼ ðX1; ZÞ and R2 ¼ ðX2; ZÞ have the same
coordinate Z of the fiber end face.

Putting Eqs. (1) and (3) into Eq. (2) and then substituting the
result into Eq. (5) yields an expression to be summed over two
indices. Since each particle moves independently (in other
words, the particles do not interact with each other), the
averages, which contain different indices, yield zero. It
means that the summation over two indices can be replaced
by a summation over only one index.10,11 The ensemble average
of each term of the sum is performed by convolving it with the
probability density

Fig. 1 (a) Optical coherence tomography (OCT) setup and (b) illumi-
nation and observation geometry of scattered radiation in OCT sam-
ple arm.
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pðΔrÞ ¼ 1� ffiffiffiffiffi
2π

p
σ

�
3
exp

�
−
ðΔr − vtÞ2

2σ2

�
; (6)

where Δr ¼ rðtÞ − r0 is the displacement of the Brownian par-
ticle, v is the flow velocity vector, and σ2 is the particle mean-
square displacement due to Brownian motion along one coor-
dinate axis. Due to the equipartition of energies, the mean square
displacement σ2 is the same along all coordinates, i.e., it is
assumed that the flow velocity gradient across OCT voxel is
small enough so that velocity vector v is constant. For the
mean square displacement, we get

hΔx2bðtÞi ¼ hΔy2bðtÞi ¼ hΔz2bðtÞi ¼ σ2ðtÞ: (7)

Assuming that the number of particles in the scattering vol-
ume is large, the summation over discrete particles can be
replaced by integration over the initial positions of the particles
r0. The evaluation of the Gaussian integral thus obtained is
straightforward yielding the following result for the normalized
temporal correlation function:

CsðtÞ ¼
1

swsc1
exp

�
−
2 k2σ2ðtÞ

s2c1

�
exp

�
2ikvzt
sc2

�

× exp

�
−
1

2

�
v2x þ v2y
sww2

e

þ v2z
s2c1ðlc∕2Þ2

�
t2
�
: (8)

Here, vz is the component of flow velocity along the OCT opti-
cal axis, and vx and vy are the transverse velocity components.
Further quantities in Eq. (8) are

sw ¼ 1þ σ2ðtÞ
w2
e

; sc1 ¼
�
1þ σ2ðtÞ

ðlc∕2Þ2
�
1∕2

;

sc2 ¼
�
1þ 2σ2ðtÞ

ðlc∕2Þ2
�
1∕2

: (9)

The equivalent Gaussian beam radius we is defined as

1
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e
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2
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2

�
kw
2ρ

�
2

:

(10)

Equation (4) was used to make simplifications in Eq. (10).
Strictly speaking, Eq. (10) is valid only in the image plane of

a two-lens optical system since the Green’s function used
[Eq. (3)] is valid only here. Therefore, the dependence of we

on the displacement from the image plane [w ¼ wðzÞ,
ρ ¼ ρðzÞ] from Eq. (10) can be viewed only as a contribution
of Gaussian beam radius and wavefront curvature change into
the dependence of weðzÞ. The effects of defocusing can be mod-
eled through the complex ABCD matrix formalism16 which
does not yield a simple analytical solution. The corresponding
numerical calculation that takes into account all three factors
predicts that the equivalent Gaussian beam radius is independent
of the position of scattering volume relative to the Gaussian
beam waist weðzÞ ¼ weðz ¼ 0Þ ¼ const.

Quite similarly, we are obtaining the correlation function in
the case of free space by using the following expression for
Green’s function:12

Kðr;RÞ ¼ k
2πiðz − ZÞ exp

�
ik

ðx − XÞ
2ðz − ZÞ

2

þ ikðz − ZÞ
�
.

Here, z − Z is the distance between the scattering volume and
observation plane (i.e., the plane of fiber end face) with no optics
between the scattering volume and observation plane.

The correlation function in the free space has the same
appearance as Eq. (8), the only difference being that the equiv-
alent Gaussian beam radius is here

1

w2
e

¼ 1

w2
þ
�

kw
2ðz − ZÞ

�
2
�
1þ z − Z

ρ

�
2

:

At the Gaussian beam waist ρ ¼ ∞ and the term containing
kw∕½2ðz − ZÞ� can be neglected as it is much smaller than the
1∕w term. In typical OCT conditions with w ¼ 10 μm,
λ ¼ 1.3 μm, and z − Z ¼ 100 mm, we get kw∕½2ðz − ZÞ� ¼
0.24 mm−1, 1∕w ¼ 100 mm−1. Although the term containing
kw∕½2ðz − ZÞ� is small, it cannot be entirely neglected in the
range of displacements along the z-axis where the wavefront
curvature ρ takes its minimum ρ ∼ 2zF and where zF is the
Gaussian beam Rayleigh range.

So, in the free space we get we ≈ w with the scattering vol-
ume at the Gaussian beam waist; in the image plane of a two-
lens optical system we get we ≈ w∕

ffiffiffi
2

p
.

Equation (8) has a structure similar to one previously
reported in Ref. 11, but with important differences. In the typical
OCT backscattering imaging geometry, the dependence on Fs

and q does drop out and the only important difference between
our two-lens imaging geometry and the free space situation is
the different value of the equivalent Gaussian beam radius.
However, there is some value in seeing the full equation without
any approximations to note the relative importance of depend-
encies on various system parameters; further, for a transmission-
type OCT system one has to use Eq. (10) with parameters Fs and
q included, as the fiber and/or the optics used to collect the scat-
tered radiation are typically different from the emitting fiber or
optics shaping the incident laser beam. There may be other sce-
narios (e.g., cross-talk considerations in multichannel OCT) that
may also benefit from the insights afforded by the full equation
of Eq. (10).

To interpret the result in Eq. (8), we note that the factors s−1w
and s−1c1 in front of the exponential terms are caused by speckle
fluctuations due to Brownian motion. The first exponential term
is the contribution of random Doppler shifts due to Brownian
motion. The second exponential term represents a Doppler
shift due solely to flow motion. The other Brownian motion fac-
tor sc2 clarifies that there is a frequency modulation in the
Doppler component. The third exponential term is the contribu-
tion of speckle fluctuations due to translational flow.

Equation (8) thus shows that in the general case, the
Brownian motion and translational flow motion contributions
do not appear as independent factors (i.e., the second and
third exponential “flow” terms have admixtures of Brownian
motion contributions). This means that these two movements
cannot be untangled or evaluated independently, at least in
the context of the full expression of Eq. (8). However, we
can make several OCT-relevant approximations (below) and
examine the resultant regimes where these two contributions
do indeed separate and can be evaluated independently.

The impact of the factors given in Eq. (9) can be estimated
from the following considerations. The correlation time due to
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Brownian motion is smaller than the correlation time due to
flow in the low velocity range. Therefore, here, we have
to estimate the impact of factors Eq. (9) over the time
∼τ ¼ sc1ð2 k2DÞ−1 ≈ ð2 k2DÞ−1. For the mean square displace-
ment, we get

σ2ðτÞ ¼ 2Dτ ≈ 2D∕½ð2 kÞ2D� ¼ 1∕ð2 k2Þ ¼ λ2∕ð8π2Þ:

Here, the well-known equation for the mean square displace-
ment of a Brownian particle σ2ðtÞ ¼ 2Dt along one coordinate
axis (D is particle diffusivity) has been used.1 So, what matters
is the ratio of the spatial scales of we, lc, and λ.

The terms with the spatial scale lc∕2 in Eq. (9) may have
importance only in the low velocity range when using a very
broadband source with a submicron coherence length.17 The
term containing the laser beam radius (typically we ∼ 5 μm
or so) may be smaller on the order of a few microns in OCT
systems with dynamic focus.13 Thus, in most practical OCT sit-
uations, we have

sw ¼ 1þ σ2ðtÞ
w2
e

≈ 1; sc1 ¼
�
1þ σ2ðtÞ

ðlc∕2Þ2
�
1∕2

≈ 1;

sc2 ¼
�
1þ 2σ2ðtÞ

ðlc∕2Þ2
�
1∕2

≈ 1:

By using these simplifying approximations which are valid
in most OCT regimes, Eq. (8) reduces to following equation for
the correlation function of scattered radiation:

CsðtÞ ¼ exp

�
2ikvzt − ð2kÞ2Dt

−
1

2

�
v2x þ v2y
w2
e

þ
�

vz
lc∕2

�
2
�
t2
�
: (11)

As a simple check of the derived equation, note that in the
absence of flow, Eq. (11) reduces to a known dynamic light scat-
tering result for the correlation function of the optical field back-
scattered by Brownian particles:1

CsðtÞ ¼ exp½−ð2kÞ2Dt�:

The correlation function of the photodetector current fluctu-
ations is obtained by taking the real part of Eq. (11), since the
photocurrent generated by the OCT photodetector is propor-
tional to the real part of hEsE�

r i where Er is a reference arm opti-
cal field:

CsðtÞ ¼ exp

�
−

t
τb

�
exp

�
−
t2

τ2t

�
cosð2πfDtÞ: (12)

In Eq. (12), τb is a correlation time due to Brownian motion,

τb ¼ ½ð2kÞ2D�−1 ¼
�
ð2kÞ2 kBT

6πηa

�
−1
; (13)

and τt is the correlation time due to dynamic speckle caused by
translational flow motion

τt ¼
�
1

2

�
v2x þ v2y
w2
e

þ
�

vz
lc∕2

�
2
��−1∕2

¼
�
v2

2

��
sinðθÞ
we

�
2

þ
�
cosðθÞ
lc∕2

�
2
��−1∕2

; (14)

and fD ¼ 2vz∕λ is the flow-caused Doppler frequency. In
Eq. (13), we used the Einstein–Stokes equation for spherical
particle diffusivity D ¼ kBT∕ð6πηaÞ, where kB is a Boltzman
constant, T is an absolute temperature, η is a liquid viscosity,
and a is a particle radius. In Eq. (14), v is a flow vector modulus
(arising from vx, vy, vz flow contributions), and θ is the
(Doppler) angle between the flow velocity vector and the
OCT imaging direction (z-axis).

Note that the range of validity of Eq. (12) is not limited
strictly to the optical system shown in Fig. 1, where the distance
L between collimating and sample lenses is equal to the sum of
the focal distances L ¼ Fc þ Fs. The geometry shown in
Fig. 1 was chosen because it yields a simple analytical solution
for the correlation function of scattered radiation. The approach
based on an ABCD matrix enables the derivation of the corre-
lation function for an optical system of any complexity in the
paraxial approximation.16 The corresponding calculation
shows that within the Rayleigh range of the collimated beam
ZF ¼ πq2∕λ ≫ L, the dependence of correlation time τt on
the distance between lenses L is negligibly small. In fact, in
this case, the radius of the collimated beam is equal to the radius
of the limiting (Gaussian) diaphragm for the backscattered
radiation. Thus, Eq. (12) can be used for any imaging optical
system comprising a collimating and sample lens provided
that ZF ≫ L.

Recapping, we have derived the analytical expression for the
temporal correlation function of radiation scattered by flowing
Brownian particles, taking into account the specifics of a stan-
dard OCT imaging system, including the effect of the small
OCT scattering volume. In general, the contributions of random
Doppler shifts due to Brownian motion and speckle due to trans-
lational flow cannot be untangled (i.e., presented as independent
factors in the resultant correlation function [Eq. (8)]). Indeed,
this full expression would correctly describe the temporal cor-
relation function of a high-resolution OCT system (submicron
optical resolution). On the other hand, in more common OCT
systems with moderate (5 to 25 μm) spatial resolution, the con-
tributions of Brownian motion and particle translational flow
movement can be presented as independent factors in the
joint correlation function [Eq. (12)] via realistic approximations.

3 Power Spectrum of Scattered Radiation
The power spectrum of the scattered radiation can be found via a
Fourier transform of the correlation function in Eq. (12). Since
Eq. (12) consists of a product of a negative exponential, a
Gaussian, and a cosine, the resultant power spectral shape is
given by the convolution of Fourier transforms of the negative
exponential and Gaussian terms centered at the Doppler fre-
quency (arising from the Fourier transform of the cosine
term). The Fourier transform of a negative exponential is a
Lorentzian, while that of a Gaussian function is also a
Gaussian. Thus, the resultant spectral shape of the flow-caused
Doppler peak [cosine term in Eq. (12)] is given by the convo-
lution of the Lorentzian and Gaussian functions:

WðfÞ ¼ GðfÞ ⊗ LðfÞ; (15)
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where

GðfÞ ¼ expf−½πτtðf − fDÞ�2g; (16)

LðfÞ ¼ 1
1

ð2πτbÞ2 þ ðf − fDÞ2
: (17)

The convolution of the Lorentzian and Gaussian yields a so-
called Voigt function, a well-known mathematical description
commonly arising in the studies of atomic and molecular spec-
tra.18 To aid computation, one can use the relationship between
the Voigt function and the complementary error function.
Following Ref. 19, the convolution in Eq. (15) can be expressed
as

WðfÞ ¼ 2
ffiffiffi
π

p
τbU

�
2πτbf;

τb
τt

�
; (18)

where

Uðx; tÞ ¼ Re

� ffiffiffiffiffi
π

4t

r
ez

2

erfcðzÞ
�
; z ¼ 1 − ix

2t
:

The physical interpretation of the Voigt spectrum shape is
quite different in atomic or molecular spectroscopy versus
the power spectrum of scattered radiation derived here. In the
former, the Lorentzian spectral broadening is due to collisions,
and Gaussian broadening is caused by Doppler shifts due to
thermal motion of molecules. Here, the nature of spectral
shape contributions is quite different—the Lorentzian spectral
shape is caused by random Doppler shifts of the Brownian
motion, and the Gaussian component is caused by speckle fluc-
tuations due to the translational flow particle movement.

The spectral width of the Doppler peak is a convenient tool
for spectrum characterization, thus its quantification would be
desirable. Unfortunately, since the Voigt function cannot be
expressed through elementary analytical functions, one has to
use various approximations to get a simple empirical depend-
ence of the Voigt spectral width as a function of the spectral
widths of a Gaussian and a Lorentzian. The following empirical
equation20 has been proposed to obtain the full spectral width at
half maximum (FWHMD) of a Voigt function

FWHMD ¼ 0.5346FWHMb

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.2166FWHM2

b þ FWHM2
t

q
; (19)

where

FWHMb ¼ ðπτbÞ−1 and FWHMt ¼ 2½pðln 2Þπτt�−1
(20)

are the FWHM for a Lorentzian (caused by Brownian motion)
and a Gaussian (caused by speckle fluctuations due to transla-
tional flow motion). Empirical Eq. (20) has shown an impressive
accuracy of ∼0.02%.

Equations (13), (14), (19), and (20) show that apart from the
transverse velocity component vt ¼ v sinðθÞ, the longitudinal
velocity component, v cosðθÞ and the Brownian motion compo-
nent contribute to the full spectral width of the Doppler peak.
These additional contributions deserve careful consideration
when trying to extract the transverse velocity from the

experimentally measured Doppler peak width, something that
may have been overlooked in earlier publications.7,8

4 Results and Discussion
Exploring the predictions of the developed formalism through
the derived spectral width of the Doppler component in
Eq. (19), we now consider several examples of OCT M-
mode measurements of spherical Brownian particles suspended
in a flowing stream of water. In the discussions which follow, we
assume spherical 1-μm diameter Brownian particles in water at
22°C interrogated with an OCT system (central wavelength
λ ¼ 1.31 μm, illuminating Gaussian beam waist radius
w ¼ 10 μm). The value of water viscosity was calculated
from an empirical equation for viscosity dependence on temper-
ature: ηð22°CÞ ¼ 0.955 × 10−3 Pa · s.21

Figure 2 shows the flow velocity at which the contributions to
the spectral width of Brownian motion and speckle fluctuations
(due to translation/flow) are equal, i.e., FWHMb ¼ FWHMt.
Equations (13), (14), (19), and (20) have been used in the calcu-
lations. Several OCT scattering volumes, as determined by rela-
tive magnitudes of lateral (beam focusing) and longitudinal
(coherence length) resolutions have been examined. In the
range of angles and velocities below each curve, the Brownian
motion dominates the statistics of scattering; conversely, in the
range of ðv; θÞ above the curve, flow-induced speckle fluctuations
prevail. Figure 2 suggests practical choices of the relevant exper-
imental regimes: for example, for optimal measurements of
Brownian motion parameters (e.g., diffusivity) in the presence
of flow, one needs to operate in the ðv; θÞ parameter space
below the curve. In the regions of ðv; θÞ above the curve, the con-
tribution of flow-induced speckle fluctuations will severely affect
the accuracy of diffusivity measurements. Note that the shape of
the curves with the maximum or minimum at θ ¼ 90 deg is
caused by the angle-dependent relative contributions of transverse
and longitudinal velocity components to the dynamics of the
speckle pattern. For a (spherically symmetric) OCT scattering
volume with lc ¼ 2we (curve 2), these relative contributions
are independent of the Doppler angle.

Fig. 2 The flow velocity curves at which the contributions to the spec-
tral width of translational and Brownian motions are equal, as a func-
tion of angle between the flow velocity vector and the OCT axis. Curve
1: lc ¼ 4we, curve 2: lc ¼ 2we, and curve 3: lc ¼ we.
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Figure 3 shows the FWHM of the Doppler peak as a function
of flow velocity. The angle between the flow velocity vector and
the OCT axis for this simulation was kept fixed at θ ¼ 45 deg,
and Eqs. (13), (14), (19), and (20) were used. Note that the range
of velocities shown in Fig. 3 does not start at zero but rather at
v ¼ 15 μm∕s. This is because a certain minimum velocity is
needed for the spectral shape to exhibit both high and low fre-
quency wings, and thus for the concept of FWHM to be mean-
ingful. At lower velocities, the low frequency wing begins to
disappear.

Figure 3 demonstrates that for these simulation parameters
(notably with θ ¼ 45 deg), the presence of flow with velocities
less than ∼100 μm∕s does not significantly modify the
Brownian motion nature of the scattered radiation—the impact
of speckle fluctuations is small. In other words, the Brownian
particle movement contribution to the spectrum of the Doppler
component is defining the dynamics of the scattered radiation.
As expected, for increasingly fast flows, the contribution of the
translational component begins to dwarf the Brownian motion
effects.

In light of recent reports that derive the transverse flow veloc-
ity component from the broadening of the Doppler peak,7,8,10

consider the explicit dependence of the absolute flow velocity
at which the transverse flow contribution to the spectral width is
equal to the joint contribution of the Brownian and longitudinal
flow motions, i.e.,

FWHMtt ¼ 0.5346FWHMb

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.2166FWHM2

b þ FWHM2
tl

q
;

where

FWHMtt ¼
v sinðθÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
we

; FWHMtl

v cosðθÞffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
lc
;

FWHMtt and FWHMtl represent the transverse and longitudinal
contributions to the spectral width due to flow (translation).

Figure 4 shows the system behavior for three different
regimes determined by OCT focusing/coherence length

properties (in analogy with Fig. 2). The area of parameters
ðv; θÞ where the transverse flow contribution prevails is only
above each curve. In the regions below, to the left and to the
right of each curve, the joint contribution of Brownian motion
and longitudinal flow motions dominate and dwarf the trans-
verse flow component contribution. This means that the reliable
measurements of the flow velocity transverse component are
possible only in a limited range of Doppler angles near
θ ¼ 90 deg, with the exact details determined by the shape
of the OCT scattering volume.

Let us now compare the developed formalism with the theo-
retical and experimental results previously published.10,11 As
already noted in Sec. 1, Refs. 10 and 11 present an analysis
of backscattered radiation based on the solution of the scattering
problem in free space. The integral equation (12) in Ref. 10,
when evaluated in the absence of a flow velocity gradient, yields
a simple analytical equation that closely resembles Eq. (11) in
the present paper: the equivalent Gaussian beam radius is equal
to w∕

ffiffiffi
2

p
, where the factor

ffiffiffi
2

p
is introduced empirically in

Ref. 10 to account for the fiber coupling efficiency.
Equation (10) of the present paper yields the same result for
the equivalent Gaussian beam radius. However, here, the physi-
cal reason for the appearance of the factor

ffiffiffi
2

p
is the different

character of the speckle motion in free space and the image
plane. As follows from the analysis given in Ref. 12, the speckle
movement character is predominantly “boiling” in the plane of
the sample lens for the parameters of illumination and observa-
tion used in Ref. 10. At the same time, in a two lens optical
imaging system (as used experimentally in Ref. 10), a transla-
tional component in speckle motion appears, which makes an
additional contribution to the speckle dynamics and increases
the spectral width. Mathematically, it is expressed as a smaller
equivalent Gaussian beam radius: we ¼ w∕

ffiffiffi
2

p
.

It is unlikely that the coupling efficiency of the fiber alone
can modify the temporal characteristics of the dynamic speckle
pattern since it characterizes the optical fiber in static conditions.
As per discussion leading to Eqs. (8)–(10), the temporal analysis
of the backscattered radiation in the image plane of the specific

Fig. 3 The spectral width at half maximum of the Doppler component
as a function of flow velocity for θ ¼ 45 deg. Curve 1: full width at half
maximum, curve 2: contribution of translational flowmotion, and curve
3: contribution of Brownian motion.

Fig. 4 The absolute flow velocity curves at which the contribution to
the spectral width of transverse flow equals the joint contribution of
Brownian motion and longitudinal flow, as a function of angle between
the flow velocity vector and the OCT axis. Curve 1: lc ¼ 4we, curve 2:
lc ¼ 2we, and curve 3: lc ¼ we.
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optical system is needed to obtain a valid result for the temporal
correlation function and the spectrum of scattered radiation.

The comparison of the flow velocities obtained from mass
discharge and spectral measurements when the scattering vol-
ume is at the center of the Gaussian beam waist has shown a
reasonable agreement.10 This means that the theoretical predic-
tions given in the present paper are also experimentally
validated.

In Ref. 11, the equivalent Gaussian beam radius is not intro-
duced, so that we ¼ w, which applies to the geometry of free
space. All the other parameters of the temporal correlation func-
tion in Eq. (11) of the present paper are the same as in the cor-
respondent result obtained in Ref. 11—apart from the wavefront
curvature, which is not taken into account in Ref. 11.

When comparing the results of Ref. 11 with our model, it is
important to note that their Gaussian beam radius is not defined
explicitly; instead, the authors are using “the inverse of 1∕e
width of OCT transverse resolution” denoted as ht. The trans-
verse part of their point spread function takes the form
exp½−2h2t ðx2 þ y2Þ� ¼ exp½−2ðx2 þ y2Þ∕w2�. This means that
the definitions of w in Ref. 11 and in our paper differ byp
2, since the transverse part of PSF in our paper has the

form exp½−ðx2 þ y2Þ∕w2� as follows from Eq. (1). Therefore,
although the results for the correlation time of scattered radiation
in Ref. 11 look identical to our model of a two-lens imaging
system, they actually differ by

p
2; the model in Ref. 11

does yield identical results with ours evaluated at the
Gaussian beam waist in free space.

Another important issue is the presence, importance, and
minimization of the so-called “pedestal” component in the spec-
trum of scattered radiation situated near zero frequency. There
are a number of physical reasons which contribute to this com-
ponent: self-beating22 of the scattered radiation, fluctuations in
the particle density, instrumental 1∕f noise, etc. In the absence
of flow, the pedestal component is a significant source of noise
that adds to the spectral density of the optical field fluctuations
caused by Doppler shifts due to Brownian motion, and cannot be
separated from it. However, under conditions of flow, the ped-
estal and Doppler components are separated. This allows the
estimation of the pedestal in the photocurrent spectrum and
its effective removal. Paradoxically then, while significantly
fast flows can certainly obscure the Brownian motion contribu-
tions, slow to moderate flows can actually improve the accuracy
of the Brownian motion fluid properties determination by shift-
ing the peak with flow and Brownian motion contributions to
higher frequencies away from the pedestal noise peak. For a
set of experimental parameters (interrogation angle, scattering
volume, etc.) one can thus potentially use the flow properties
in a well-designed M-mode OCT measurement to accurately
measure Brownian motion dynamics. Experimental validation
of some of these ideas will be pursued in a separate publication.

5 Conclusions
We have developed a simple analytical model for the correlation
function and power spectrum of optical radiation scattered by
flowing Brownian particles for an imaging geometry of a
common OCT setup, and have examined various approximate
regimes relevant to a typical OCT measurement. The model
includes the parameters of the optical system used to shape
the Gaussian beam in the sample and collect the backscattered
radiation on the fiber end face. It is shown that the spectral shape
of the power spectrum, centered at the flow-determined Doppler

frequency, is given by a Voigt function, a mathematical descrip-
tor arising from atomic and molecular spectral shapes. The
developed formalism allows one to quantify the relative contri-
butions of the random (Brownian) and translation (flow) com-
ponents of the scattered radiation signal. Derived dependencies
on the Doppler angle and flow velocity suggest experimental
operating regimes where Brownian motion can be quantified
even in the presence of flow. Further, we have re-examined
the possibility of transverse flow velocity component determi-
nation based on the measurement of the spectral width of the
Doppler shifted peak. It is shown that with a typical OCT geom-
etry, these measurements are possible only in a limited range of
Doppler angles near θ ¼ 90 deg. Finally, it is shown that the
introduced empirically equivalent Gaussian beam radius in
Ref. 10 has the same value at the waist of the Gaussian
beam as predicted by our analysis of scattered radiation in
the image plane of a two lens optical system.
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